
Introduction

Moderately to highly susceptible (i.e. χ>0.1 [SI]) geophysical targets exhibit noticeable self-demagnetisation
effects that must be accounted for when modelling magnetics. The demagnetising effect is a function
of the target’s susceptibility and shape, and may lead to a rotation of the magnetisation vector into the
plane of the body (Guo et al., 2001). Analytic demagnetising solutions exist for bodies that are bounded
by a second order surface, e.g. a sphere or triaxial ellipsoid (Clark et al., 1986). For simple prismic
or arbitrary geometries, self-demagnetisation modelling may be achieved through the application of
approximate demagnetisation factors (Clark and Emerson, 1999; Osborn, 1945; Stoner, 1945) or sub-
element calculations (Hillan and Foss, 2012; Purss and Cull, 2005; Eskola and Tervo, 1980; Sharma,
1966).

Sub-element calculations in three dimensions can be very computationally expensive as the field inter-
actions between hundreds or more voxels must be computed. For a system of characteristic size L, the
calculations scale of the order of O(L6). The time required for such modelling may be mitigated by
pre-computing and storing the interactions in some model space, allowing rapid evaluations of arbitrary
susceptibility distributions (Hillan and Foss, 2012). Whilst a convienent choice of voxel geometry is the
sphere or cube, as the demagnetisation factors are well known (Purss and Cull, 2005; Hillan and Foss,
2012), attempting to model an elongate body (i.e. a dipping sheet) with a sufficient number of sub-
elements in the thin dimension may make the calculation prohibitively large. It is therefore of interest to
develop faster means to model demagnetisation effects and Fourier methods are a natural choice.

Additionally, a body may contain remanent magnetisation, anisotropy of susceptibility, and may be
affected by the fields from neighbouring bodies leading to additional “body-body interaction” effects.
We describe how to evaluate these effects with a fast Fourier method, test it for accuracy, and provide a
synthetic example demonstrating body-body demagnetisation.

Theory

Starting with a magnetisation M induced in a discretised volume (where homogeneous magnetisation is
assumed in each sub-volume element) by the Earth’s applied magnetic field H0 plus a possible remanent
component MNRM , we wish to calculate and correct for the demagnetising fields within the volume. The
induced magnetisation at each point is

Mi = χ i jH j
0 , (1)

where χ i j is the susceptibility tensor which has only equal non-zero diagonal components for an isotropic
material (i.e. χ i j = δ i jχ). The resultant magnetisation Mr is the sum of the induced and remanent
components,

Mr = M+MNRM. (2)

The demagnetising field Hd may be written in terms of the demagnetising tensor Ni j at each point, so
that

H i
d =−Ni jM j

r . (3)

The tensor Ni j has a trace equal to unity inside a material and is symmetric. For example, in the special
case of a sphere the diagonal elements are equal to Nxx = Nyy = Nzz = 1/3. The magnetisation corrected
for demagnetisation M′

r, including possible anisotropy of susceptibility and remanent magnetisation, is
calculated at each point via the demagnetising tensor

Mi ′
r = [δ i j +χ i jNi j]−1M j

r , (4)

(Clark et al., 1986; Emerson et al., 1985). The interactions between the sub-volume elements determine
Hd and hence the demagnetising tensor, and this is solved for below.
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To calculate the magnetostatic field interactions, we start by defining the magnetic field H in terms of a
vector potential A such that

H = ∇×A. (5)

The vector potential in a volume with resultant magnetisation Mr(r) is

A(r) =
µ0

4π

∫ Mr(r′)× (r− r′)
|r− r′|3

d3r′. (6)

Ensuring that the volume of interest is suitably padded, we may take the three dimensional Fourier
transform and make use of the convolution and derivative theorems, giving

A(k) =
−iµ0

k2 M(k)×k, (7)

where k = (kx,ky,kz) is the wavevector. The field components are then simply obtained via application
of the reciprocal curl operator i.e.

Hk = εklmiklAm, (8)

where ε is the Levi-Civita symbol, and taking the three dimensional inverse Fourier transform. These
field components, evaluated at the volume grid points, are the sum of the resultant and demagnetising
field contributions. Ni j can then be solved for by effectively re-arranging (4), however, Beleggia and De
Graef (2003) show that by expanding (8) and comparing with (3), we may solve for Ni j within a uniform
body directly in the Fourier domain so that

Ni j(k) = D(k)
kik j

k2 , (9)

where D(k) is the Fourier transform of the shape function D(r) defined as equal to unity inside the
material and zero outside. After taking the inverse Fourier transform, Ni j is found at each sub-volume
grid point and may be used to calculate the corrected magnetisation.

For a system of characteristic size L, the three dimensional Fourier transform scales like O(L3log[L3]).
Ignoring the additional padding size required, we should expect a considerable computational speed
advantage in the Fourier space method described, compared with the analogous real space methods
which scale of the order O(L6) (Hillan and Foss, 2012; Purss and Cull, 2005; Sharma, 1966).

Results: accuracy

The demagnetising effect of a triaxial ellipsoid is analytically calculable and so we use a model ellipsoid
to test the accuracy of the Fourier method against the known solution, here calculated with ModelVision,
and other real space numerical methods. The model ellipsoid has χ = 2 [SI] and is positioned on 50 m
North (X), -50 m East (Y), and 45 m Depth (Z), with respective axial lengths of 80 m, 25 m, and
50 m. 415 sub-volume elements of side length 5 m define the ellipsoid and the primary inducing field
is 53400 nT with direction 60◦ inclination and 0◦ declination. A North-South magnetic profile over
the centre of the ellipsoid at a Depth of 0 m is plotted in Figures 1 and 2, showing the X and Z field
components, respectively. The Fourier calculations take of the order of 1 s on a personal computer, as
opposed to 10-100 s for real space numerical methods.

In Figures 1 and 2 the Fourier results are plotted in red and clearly show excellent agreement with
the uncorrected fields calculated analytically by ModelVision (MV), and with the spherical and cubic
voxel methods of Purss and Cull (2005) and Hillan and Foss (2012), respectively. The Fourier self-
demagnetisation corrected fields (SDM) show good agreement over most of the profile with the analytic
solution, with a maximum error of less than 5%. The Fourier method performs very similarly to other
numerical methods and, as with the other methods, making the discretising mesh finer yields more
accurate results; halving the discretisation side length to 2.5 m is found to improve the accuracy to
within better than 3%.
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Figure 1 A North-South profile plotting the X field component over a model ellipsoid. The accuracy
of the Fourier method (red lines) is compared against the analytic solution (blue lines) and other real
space numerical methods (symbols). The fields calculated both with and without self-demagnetisation
effects (SDM) are shown.
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Figure 2 As per Figure 1 for the Z field component.

Results: synthetic example

The speed of the method allows us to work with large volumes that not only accurately model the
demagnetising effect of a single arbitrary body, but also the possible demagnetising effect of body-body
interactions in the same model space. Using the same applied field as above, we model two vertical
sheets striking East-West with χ = 1 [SI], thickness 100 m, depth to top 50 m, depth extent 400 m, and
strike length 400 m. The two sheets are separated by 200 m and each are defined by 16000 sub-volumes
of side length 10 m.

Figure 3 plots the observed TMI at 0 m Depth and shows the importance of accurately modelling both
self-demagnetisation and body-body interaction effects. The amplitude of the signal has been consider-
ably suppressed in Panel b, from a maximum of around 11000 nT to 9000 nT (around 18% difference),
and has shifted the position of the peak, due to rotation of the magnetisation vector towards the vertical
i.e. into the plane of the bodies. When also correcting for the body-body interactions in Panel c) a further
difference of a maximum of 300 nT is observed, (around 3% difference) compared with Panel b), which
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Figure 3 a) TMI with no demagnetisation correction applied. b) TMI with the self-demagnetisation cor-
rection applied for each body individually. c) TMI with self-demagnetisation and body-body interaction
corrections applied. d) The difference between the TMI observed in panels c) and b).

actually reduces the magnetisation vector rotation effect and further suppresses the field. This difference
is shown explicitly in Panel d) and will increase with decreasing sheet separation.

Conclusions

A fast Fourier solution for modelling self-demagnetisation, body-body interactions, remanence, and
anisotropy effects is outlined above. The algorithm is tested for accuracy against the known solution for a
triaxial ellipsoid, and other numerical schemes, and shows an accuracy of better than 5% which improves
with finer volume discretisations. The algorithm is then used to investigate the self-demagnetisation
and additional body-body interaction effects on a synthetic model of two highly susceptible sheets.
The examples investigated here show important differences when accurately modelling these effects as
opposed to assuming purely linearly induced magnetisation.
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