
Estimating source location using normalized magnetic source
strength calculated from magnetic gradient tensor data

Majid Beiki1, David A. Clark2, James R. Austin1, and Clive A. Foss1

ABSTRACT

For a number of widely used models, normalized source
strength (NSS) can be derived from eigenvalues of the magnetic
gradient tensor. The NSS is proportional to a constant q normal-
ized by the nth power of the distance between observation and
integration points where q is a shape factor depending upon geo-
metry of the model and n is the structural index. The NSS is
independent of magnetization direction, and its amplitude is
only affected by the magnitude of magnetization. The NSS is
also a homogenous function and satisfies Euler’s homogeneity
equation. Therefore, Euler deconvolution of the NSS can be
used to estimate source location. In our algorithm, we use data
points enclosed by a square window centered at maxima of the
NSS for simultaneously estimating the source location and
structural index. The window size is increased until it exceeds

a predefined limit. Then the most reliable solution is chosen
based on some statistical analysis (minimum uncertainty).
One of the advantages of the presented method is that it allows
automatic identification of the structural index as the constant
background field is eliminated. Another advantage is reduction
of interference effects from neighboring sources by differentia-
tion of the NSS. We have compared our method with the ana-
lytic signal amplitude and when the magnetic source contains
remanent magnetization with a different direction to the indu-
cing field, the NSS provides more reliable information about
source geometry. Application of the method has been demon-
strated on an aeromagnetic data set from the Tuckers Igneous
Complex, Queensland, Australia. The NSS has improved inter-
pretation of magnetic anomalies for this igneous complex, for
which available geologic information shows relatively strong
remanent magnetization.

INTRODUCTION

Aeromagnetic surveys are routinely carried out as a primary
mineral exploration tool for numerous types of mineralization, such
as iron-oxide copper-gold (IOCG) deposits, skarns, massive sul-
fides, banded-iron formations (BIF), and diamonds. Another impor-
tant application of aeromagnetic surveys is in geologic mapping of
prospective areas with buried igneous bodies that are frequently as-
sociated with mineralization. Aeromagnetic data are also used in a
variety of applications, including study of tectonic settings, for hy-
drocarbon exploration, modeling groundwater and geothermal re-
sources, for UXO detection, and environmental engineering.
Nabighian et al. (2005) review magnetometers designed for

ground, airborne, shipborne, space, and borehole measurements.
In general, commercially availablemagnetometers can be subdivided

into two types; scalar magnetometers which measure total mag-
netic intensity (TMI), and vector magnetometers which measure
vector components of the field. Vector magnetometers are rarely
used for airborne measurements. Because the background geo-
magnetic field is usually much larger than the anomalies of in-
terest, small changes in sensor orientation produce large errors in
vector components. Attainment of a subnanoTesla noise level for
vector components in a geomagnetic field of 50,000 nT requires
measurement of sensor orientation to an accuracy of better than
0.001°. For this reason, calculation of vector components from
measured TMI is generally preferable to vector measurements
(Schmidt and Clark, 2006). Schmidt and Clark (1997, 1998)
discussed the calculation of vector components from measured
TMI. They compared theoretical derivations of source magnetic
moment vectors, derived from integration of calculated vector
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components over the measurement plane, with laboratory mea-
surements to demonstrate the validity of the approach.
Gradients of the magnetic field components are much more sen-

sitive to short wavelength anomalies than magnetic field vector
components and TMI. A major advantage of magnetic gradiometry
over vector measurements lies in the fact that measured gradients
are relatively insensitive to platform orientation and can be readily
corrected to a fixed geographic reference frame, because the geo-
magnetic background gradient is generally smaller than gradients
from nearby anomalous sources. Another advantage of magnetic
gradiometry is that the effects of regional background fields and
diurnal variations are reduced by differentiating the field. In general,
gradiometry surveys provide more detailed information than mag-
netic field measurements when the field is undersampled. Schmidt
et al. (2004) provide an excellent overview on advantages of mag-
netic gradient tensor measurements over TMI and vector surveys.
In the last two decades, processing and interpretation techniques

of gravity and magnetic gradient tensor data have been widely im-
proved (e.g., Pedersen and Rasmussen, 1990; Vasco and Taylor,
1991; Edwards et al., 1997; Boggs and Dransfield, 2004; Schmidt
et al., 2004; Zhdanov et al., 2004; While et al., 2006, 2009; Mikhai-
lov et al., 2007; Clark, 2009, 2010; Clark et al., 2009; Beiki, 2010;
Beiki and Pedersen, 2010, 2011; Beiki et al., 2011; Holstein et al.,
2011). In 1990, Pedersen and Rasmussen studied gradient tensors of
gravity and magnetic fields and introduced scalar invariants to in-
dicate their dimensionality (Pedersen and Rasmussen, 1990). Two
decades later, Beiki and Pedersen (2010) showed that, for 2D grav-
ity structures, the strike direction can be found from eigenvectors
corresponding to the minimum eigenvalues. Beiki et al. (2011) use
the pseudogravity gradient tensor derived from the measured
magnetic field to determine dimensionality of the magnetic field,
assuming that the direction of magnetization is known and the den-
sity-to-magnetization ratio is constant throughout the source.
Magnetic gradient tensor surveys are likely to become common

in the near future, given encouraging recent developments of new
magnetic tensor gradiometer systems (e.g., Schmidt et al., 2004;
Humphrey et al., 2005; Stolz et al., 2006a, 2006b; Sunderland et
al., 2009). This provides an incentive for development of improved
methods to extract the extra information provided by gradient tensor
measurements. However, although it should be stressed that direct
measurement of the gradient tensor will provide superior results,
useful gradient tensor data can be obtained by Fourier processing
of TMI surveys, provided several caveats are addressed. These in-
clude: Effective removal of regional trends and careful windowing
of survey areas, to minimize artifacts such as Gibbs phenomenon
“ringing” and spectral leakage; a density of sampling (particularly
across lines) that is sufficient to effectively eliminate aliasing of
high frequencies in the measured fields; reliable interpolation algo-
rithms to provide accurate (not just “pretty-looking”) gridded TMI
data for Fourier domain calculation of gradient tensor elements; and
accurate reduction of TMI data to a common level before Fourier
processing, using equivalent source methods or otherwise, which is
a very challenging requirement in areas of rugged topography.
Where the geomagnetic field has shallow inclination, calculation
of gradient tensor components from TMI surveys is afflicted by di-
rectionally sensitive amplification of noise, similar to the problems
encountered with reduction to the pole. In areas with very strong
anomalies that perturb the local geomagnetic field significantly,
the measured TMI must be corrected to a true potential field before

further processing to calculate vector and tensor components
(Lourenço and Morris, 1973; Schmidt and Clark, 2006).
In this paper, we show that the normalized source strength (NSS)

derived from the magnetic gradient tensor (MGT) is independent of
magnetization direction for an important class of sources, and only
weakly dependent on magnetization direction in general. We also
show that it satisfies Euler’s homogeneity equation and it can be
used to locate magnetic sources. We describe the advantages of
the normalized source strength over the 3D analytic signal ampli-
tude which depends upon magnetization direction as well as dip
angle of magnetic sources. The general objective of this paper is
to develop a new interpretation technique for airborne magnetic gra-
dient tensor data. However, the same concept can be used for inter-
pretation of magnetic field data after deriving MGT from densely
measured TMI. In this paper, we have demonstrated the application
of the presented method on an aeromagnetic data set from the Tuck-
ers Igneous Complex (TIC), Queensland, Australia.

METHOD

Normalized source strength

The magnetic gradient tensor comprises the first derivatives
along the Cartesian x-, y-, and z-directions of the magnetic vector
components. The magnetic field B from a magnetization distribu-
tion M, in volume V can be written as (Blakely, 1995)

BðrÞ ¼ −Cm∇r0ΦðrÞ ¼ −Cm∇r0

Z
V
Mðr0Þ · ∇r0

1

jr − r0j
dv;

(1)

whereΦ is magnetic scalar potential, r and r0 are the position vectors
of the observation and integration points, respectively, and Cm ¼
10−7 Henry∕m in SI units. The magnetic gradient tensor Γ then is

Γ ¼ −Cm

2
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3
5. (2)

Outside the source,Φ satisfies the Laplace equation∇2ΦðrÞ ¼ 0,
and hence the trace of the tensor is equal to zero. Because Γ is sym-
metric, it contains only five independent components and it can be
diagonalized as

Γ ¼ VTΛV; (3)

where V ¼ ½v1v2v3� and Λ ¼

2
64 λ1 0 0

0 λ2 0

0 0 λ3

3
75contain eigenvectors

and eigenvalues, respectively. The standard invariants of Pedersen
and Rasmussen (1990), who give expressions for these quantities in
terms of tensor elements, can also be expressed in terms of the ei-
genvalues of the gradient tensor: I1 ¼ λ1λ2 þ λ1λ3 þ λ2λ3 and I2 ¼
λ1λ2λ3 (λ1≥λ2≥λ3) which satisfy the cubic characteristic equation

λi
3 þ I1λi − I2 ¼ 0; i ¼ 1; 2; and 3. (4)

For a magnetic dipole source, the dipole moment m and
displacement vector r 0 ¼ ðr − r0Þ define a plane with normal
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n̂ ¼ m × r 0

jm × r 0j (Figure 1). From symmetry considerations, it follows

that one of the eigenvectors of the tensor is constrained to be parallel
to n̂. This eigenvector always corresponds to the eigenvalue λ2 that
has the smallest absolute value (H. Wilson, personal communica-
tion, 1985). In Appendix A, we have briefly reviewed mathematical
background of the scaled magnetic dipole moment developed by H.
Wilson (personal communication, 1985).
As can be seen in Appendix A, at a given location, the normalized

magnetic moment μ ¼ 3Cmjmj∕jr − r0j4 (equation A-3), which is
independent of magnetization direction, but proportional to the
magnitude of the magnetic moment, can be expressed in terms
of the eigenvalues. From equation A-7, the normalized magnetic
moment μ and the angle between displacement vector and magnetic
moment vector ϕ are given by

μ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
−λ22 − λ1λ3

q
(5)

and

ϕ ¼ cos−1
�
λ2
μ

�
; 0 ≤ ϕ ≤ 180°; (6)

where λ2 is the intermediate eigenvalue, characterized by having the
smallest absolute value. It should also be noted that the normalized
magnetic moment can be defined, in terms of the invariants I1 and
I2 and the intermediate eigenvalue λ2, as μ ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
−I1 − 2λ2

2
p

¼ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
−λ22 −

I2
λ2

q
where λ2 ≠ 0 (Clark, 2009).

The magnetic moment of a compact source is the volume integral
of the magnetization vector and has the units of Am2. The normal-
ized dipole moment, which falls off as the inverse fourth power of
distance, has the same units as the gradient tensor (nT∕m). In this
paper, we have generalized the normalized magnetic moment for
different model types such as horizontal cylinder, thin sheet, and
contact. As will be shown in the next section, the physical dimen-
sions of the magnetic source term vary with source geometry.
Therefore, hereafter, the normalized magnetic moment is called
“normalized source strength.”We take equation 5 as a general proxy
for NSS because for several commonly used models μ as given by
equation 5 corresponds to a measure of source strength, divided by a
power of source-sensor separation.

We studied the normalized source strength for 2D and 3D sources
with two synthetic examples. The first example involves a magnetic
dipole located at (x0 ¼ 500 m, z0 ¼ 100 m), represented by a
sphere with a susceptibility of 0.01 SI in a vertical inducing field
of 60,000 nT. The inclination and declination of the remanent mag-
netization vector areþ 45° and 0°, respectively (Figure 2). The Koe-
nigsberger ratio is equal to unity, which produces a resultant vector
with inclination and declination of þ22.5° and 0°. The NSS peaks
exactly above the source. Because the normalized moment falls off
as 1∕r4 ¼ 1∕ðρ2 þ h2Þ2, where ρ is the horizontal displacement and
h is the depth of the dipole, it is easily shown that the depth of the
source equals ½ ffiffiffi

2
p

− 1�−1∕2 ¼ 1.55 times the half-width at half-
maximum (HWHM) of the peak. The minimum of the angle ϕ oc-
curs at x ¼ 260 m. Therefore, a vector passing through the obser-
vation point with ϕ ¼ 0, pointing at the source location is parallel to
the resultant magnetization vector. As Pedersen and Rasmussen
(1990) and Clark (2009) note, in the case that m and r 0 are perpen-
dicular λ2 ¼ 0, and consequently the invariant I2 and the invariant
ratio I are equal to zero, even though the source is not 2D. The
second example (Figure 3) involves an infinite thin sheet (thickness
¼ 10 m) with a dip angle of 45°, located at (x0 ¼ 500 m,
z0 ¼ 100 m), magnetized by induction with susceptibility of 0.1
SI, in a vertical inducing field of 60,000 nT. For 2D structures, λ2 ¼
0 and λ3 ¼ −λ1, so by equation 5 the normalized source strength is
μ ¼ jλ1j ¼ jλ3j. In this case, the normalized source strength be-
comes equal to the analytic signal amplitude of the vertical compo-
nent (or strike-perpendicular horizontal component). As can be seen
in Figure 3, the normalized source strength is symmetric with its

Figure 1. A schematic of the canonical coordinate system of a di-
pole located at r0, magnetized along the vector m̂, where r̂ 0 ¼ ðr̂ −
r̂0Þ is displacement vector, ϕ is the angle between displacement vec-
tor and magnetization vector, and n̂ is the normal to the plane con-
taining r̂ 0 and m̂.

Figure 2. A magnetic dipole located at (x0 ¼ 500 m, z0 ¼ 100 m)
with susceptibility of 0.01 SI. The inducing field is vertical, with
intensity of 60,000 nT, and inclination and declination of the rema-
nent magnetization vector are 45° and 0, respectively. The intensi-
ties of the induced and remanent magnetizations are equal.
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maximum located above the top of the thin sheet and the HWHM is
equal to the depth to the top.

Homogeneity of the normalized source strength

The gravity and magnetic fields caused only by elementary 2D
and 3D sources satisfy Euler’s homogeneity equation. However, in
practice, Euler deconvolution can be used to deconvolve the fields
caused by sources of arbitrary shapes (Reid et al., 1990), for which

ðr − r0Þ · ∇f ¼ −nðf − BÞ; (7)

where r and r0 denote observation and source points, respectively, f
is the measured gravity or magnetic field, n is the structural index,
and B is a constant level representing the background field within a
sliding window of adjustable size. Equation 7 can be solved in a
window enclosing several data points to estimate the source location
r0 and the background field B. In recent years, different implemen-
tations of Euler deconvolution have appeared in the literature. In the
standard Euler deconvolution algorithm (Reid et al., 1990), the
structural index n is specified by the user, based on a priori infor-
mation. However, in practice, we are normally able to solve Euler’s
equation for source location and structural index, simultaneously
(e.g., Schmidt et al., 2004; Beiki, 2010).
Any potential field and its spatial derivatives are harmonic out-

side of source regions. For several important models, these quan-
tities are also homogeneous. This makes application of Euler
deconvolution of potential fields or their derivatives straight for-
ward. However, some functions like analytic signal amplitude
can be homogeneous but not harmonic (Florio et al., 2006; Beiki,
2010). For such functions, caution should be exercised in differen-

tiating the field. Another example of this type of functions is f ¼ 1

rn
for n greater than one. This implies that the normalized source

strength (e.g., the normalized dipole moment given by equa-
tion A-3 is a nonharmonic homogeneous function of degree n).
The normalized source strength of simple sources may be general-
ized as

μ ¼ qCm

jr − r0jjnj
; (8)

where n is the structural index pertaining to gradient anomalies and
q is the geometry factor listed in Table 1 for sphere, horizontal cy-
linder, thin sheet, and contact (with infinite depth extent) models.
Note that the geometry factor has different physical units for dif-
ferent model types. In Table 1, m is the magnitude of the magnetic
moment, j is the magnitude of the effective magnetization in A∕m,
i.e., the component normal to the strike of the 2D structure, t is the
thickness of the thin sheet model in meters and s is the cross section
area of the model in m2.
Euler deconvolution of the NSS can be used to estimate the mag-

netic source location. To calculate three orthogonal gradients of the
NSS, we need first to calculate the gradients of the MGT compo-
nents in x-, y-, and z-directions, and then we can calculate the de-
rivatives of the invariants I1 and I2 in three Cartesian directions by
differentiating the expressions given by Pedersen and Rasmussen
(1990) for the canonical invariants in terms of the tensor elements
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(9)

∂I2
∂α

¼ ∂
∂α

½detðΓÞ�

¼ ðBxxByy − B2
xyÞ

∂Bzz
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þ ðBxxBzz − B2

xzÞ
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∂Bxy

∂α

þ 2ðBxyByz − BxzByyÞ
∂Bxy

∂α
; (10)

Table 1. Structural index n and factor q of normalized
source strength for different models. m is the magnitude of
the magnetic moment, j is the magnitude of the effective
magnetization, t is the thickness of the thin sheet model, and
s is the cross section area of the model.

Model type jnj q

Sphere 4 3 m ðAm2Þ
Horizontal cylinder 3 4js ðAmÞ
Thin sheet 2 2jt ðAÞ
Contact 1 2j ðA∕mÞ

Figure 3. A thin sheet striking northeast with dip angle of 45°, lo-
cated at (x0 ¼ 500 m, z0 ¼ 100 m) with susceptibility of 0.001 SI.
The inducing field is vertical with intensity of 60,000 nT.
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where α ¼ x, y, and z, and Bzz has been eliminated from the right
side of equation 9 by using the tracelessness property. Derivatives of
the eigenvalues λ1, λ2, and λ3 can then be derived by differentiating
equation 4, which gives

∂
∂α

ðλiÞ ¼
∂I2
∂α − ∂I1

∂α λi
3λ2i þ I1

; ð3λ22 þ I1 ≠ 0Þ;

i ¼ 1; 2; and 3.

(11)

This expression becomes indeterminate in the case of degenerate
eigenvalues, for which λ2 ¼ λ3 ¼ −λ1∕2 or λ2 ¼ λ1 ¼ −λ3∕2. This
applies, for example, everywhere for the point pole model (repre-
senting a long, narrow, axially magnetized pipe) and everywhere
along the magnetization axis for a dipole source. When the eigen-
values are degenerate in a neighborhood of a measurement point for
the gradient tensor, I1 ¼ −3λ22 ¼ −3λ23, so if the derivatives exist
they are given by

ð3λ22 þ I1 ¼ 0Þ; ∂λ2
∂α

¼ ∂λ3
∂α

¼ −
1

6λ2

∂I1
∂α

;

∂λ1
∂α

¼ 1

6λ1

∂I1
∂α

; ð3λ22 þ I1 ¼ 0Þ:
(12)

Once we have calculated the derivatives of the eigenvalues, dif-
ferentiating equation 5 gives

∂μ
∂α

¼ −
∂λ1
∂α λ3 þ 2 ∂λ2

∂α λ2 þ ∂λ3
∂α λ1

2μ
. (13)

In some circumstances, this approach to calculating derivatives of
eigenvalues and μ encounters problems at points where the eigen-
values are degenerate, in the neighborhood of which interchanges of
ordering may occur. Although it can be shown that the eigenvalues
and the NSS are continuous everywhere, profiles of these quantities
may exhibit kinks at these points, so their derivatives are undefined.
In practice, however, we have never encountered problems of nu-
merical stability at such points. Degeneracy of eigenvalues can oc-
cur in several ways. For the idealized case of a point pole source,
two eigenvalues are degenerate everywhere. In this case, however,
the derivatives of the eigenvalues and of μ are continuous and equa-
tions 11, 12, and 13 behave impeccably. For a dipole source, de-
generacy of eigenvalues occurs along the axis of magnetization.
For observations on a plane, this degeneracy occurs at the point
where the axis of magnetization intersects the observation plane.
Again, the derivatives of the eigenvalues are piecewise continuous
and are given by equation 12 at this point and by equation 11 every-
where else. Equation 13 correctly calculates derivatives of μ
everywhere. For isolated sources that conform to equation 8, μ
is clearly differentiable everywhere and calculation of its derivatives
using equations 11, 12, and 13 should not encounter problems
(except at points where the gradients vanish and μ ¼ 0).
On the other hand, interference between neighboring sources can

theoretically cause singularities in the derivatives at isolated obser-
vation points, where fortuitous cancellation of gradients occurs. A
particular example of this will be shown below in the section on

interfering anomalies. When the gradients vanish, the canonical in-
variants, the eigenvalues, and μ are all zero, so equations 11, 12, and
13 become indeterminate. This special situation is easily recogniz-
able and can be excluded from the analysis. A more insidious situa-
tion can occur when trends in background gradients can produce
degeneracy of eigenvalues at particular points, leading to kinks
in their profiles. Calculated gradients exhibit discontinuities across
these points, which should be excluded from further analysis. For a
real data case, in the presence of noise on finitely sampled data,
finite regions of indecision can be countered (H. Holstein, personal
communication, 2012).
An alternative approach for calculating the derivatives of the nor-

malized source strength can be the finite difference approach (Keat-
ing, 2009). Basically, the horizontal derivatives of the normalized
source strength can be calculated in the space domain using the cen-
tral difference between two data points. But for calculating the ver-
tical derivative of the normalized source strength, we have to
upward continue the measured MGT data to two different levels
h and 2h. Then the vertical derivative of the normalized source
strength, at level h, can be obtained as

∂μ
∂z

����
h
¼ ðμj2h − μobsÞ

2h
; (14)

where μobs is the calculated NSS at observation level. As Keating
(2009) states, this approximation is valid if h is much smaller than
depth to the source. It should be noted that, in this work, we have
used equation 13 to calculate the derivatives of the NSS.
Once derivatives of the NSS are calculated, Euler deconvolution

of NSS for a given window enclosingm data points is performed by
solving2
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(15)

for the unknown parameters x0, y0, z0, and n. In equation 15, the
constant background field B is eliminated by differentiation of the
magnetic field components. In our algorithm, we form a square win-
dow centered at the maxima of the NSS and use the data points
located within the window to estimate the source location as well
as the structural index. This reduces the number of solutions, and
consequently computational time is significantly decreased. An-
other advantage of locating windows around maxima of normalized
source strength is that we include data points with higher signal to
noise ratio (S/N). Once the uncertainty of the estimates is obtained
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for a window, we increase the size of the window until it exceeds a
predefined limit. Then we choose the solution which corresponds to
minimum uncertainty among the set of computed solutions. The
uncertainties of the estimated coordinates of the source location
and the structural index are found from the covariance matrix as
Beiki (2010) describes.

Noise sensitivity

As we described earlier, the normalized source strength has the
same units as the eigenvalues, and hence as the tensor elements.
Thus, derivation of NSS from MGT does not amplify high-fre-
quency contents of magnetic gradient components. However, deri-
vatives of the NSS employed in Euler deconvolution enhance
high frequencies. The sensitivity of the method to random noise

was tested by estimating the source location and structural
index of a synthetic model in the presence of Gaussian noise
(Figure 4). The model involves a prism with dimensions of 200 ×
200 × 200 m and depth to the top of 25 m, the geomagnetic field is
vertical, and inclination and declination of the magnetization vector
are þ 45° and 0, respectively. Gaussian noise of zero mean and a
standard deviation equal to 20% of the standard deviation of each
MGT component is added to the corresponding component. To have
a better illustration of the effect of remanent magnetization in the
presence of random noise, we have shown the corresponding TMI
anomaly in Figure 4a.
To reduce the effects of noise, an upward continuation of 5 m was

applied to MGT data prior to Euler deconvolution. Figure 4b
shows the normalized source strength calculated at 5 m above
the observation level with superimposed solutions from Euler de-

convolution (white circles). To find the best so-
lution, we used a 30 × 30 m window centered at
the maxima of the NSS and then we increased the
window length to both sides until it exceeded
150 m. Finally, we chose the solution corre-
sponding to the minimum uncertainty of the es-
timated source location. Histograms of the
estimated depths to the source and structural in-
dices of the final solutions are plotted in Figure 4c
and 4d, respectively. The structural indices
shown in Figure 4d are close to unity, which
is the theoretical structural index of a contact
model. This is due to the fact that the sides of
a large prism located close to the surface can
be approximated by a contact. As can be seen
in Figure 4b, in this particular example, the
northern and southern edges of the prism are bet-
ter enhanced using the normalized source
strength than the eastern and western edges be-
cause the effective component of the magnetiza-
tion vector perpendicular to the strikes of the
eastern and western edges is very small. This
is the reason that the solutions are located above
the northern and southern edges of the prism.
The application of the method to several syn-

thetic data examples containing different noise
levels demonstrates that our method is robust
to Gaussian noise. In our method, use of large
windows is preferred as more data points are
used in the least squares algorithm and generally

Table 2. Physical and geometrical properties of bodies used in the synthetic model shown in Figure 5.

Body Depth to the top/center (m) Width/radius (m) Depth extent (m) Magnetization (Inc, Dec) Q ratio Susceptibility (SI)

Polygon (1) 50 Varies 500 (45°, 0) 1 0.012

Sphere (2) 200 100 — (−45°, 45°) 1 0.05

Pipe (3) 100 100 1000 (−30°, 90°) 1 0.04

Prism (4) 100 400 400 (45°, 45°) 2 0.02

Sphere (5) 300 200 — (−30°, −45°) 1.5 0.025

Prism (6) 50 20 500 (30°, 45°) 1 0.025

Sphere (7) 100 50 — (−45°, 60°) 1 0.01

Figure 4. (a) Magnetic field corresponding to a prism with dimensions of 200 × 200 ×
200 m and depth to the top of 25 m, with vertical inducing field and inclination and
declination of −45° and 0, respectively. (b) NSS calculated at 5 m above the observation
level superimposed by solutions of Euler deconvolution (white circles). Histograms of
the estimated (c) depths and (d) structural index.
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the accuracy of the estimates is improved significantly. However,
employing very large windows is risky as we may include data
points affected by horizontally neighboring sources or those with
lower S/N. An advantage of locating the convolution window
around the maxima of the NSS is that the data points with high
S/N are used in the algorithm. To avoid choosing local maxima
caused by high-frequency noise as the center of convolution win-
dow, we can pick maxima of the NSS after applying upward con-
tinuation. It is very difficult to define a specific threshold for the S/N
at which the method fails but our experience with different synthetic
examples shows that by increasing the noise level, estimated depth,
and structural index are more affected by high-frequency noise than
estimated horizontal coordinates of the source.

Interfering signals

Beiki (2010) showed that Euler deconvolution of the directional
analytic signal amplitudes can give better estimates than standard
Euler deconvolution when anomalies from causative bodies are
highly distorted by horizontally neighboring sources. Euler decon-
volution of the NSS has the same advantage over
the standard Euler method because it uses deri-
vatives of the scaled moment which involve
third-order derivatives of the magnetic potential,
whereas derivatives of the magnetic field are sec-
ond-order derivatives of the potential.
The interference effect of neighboring sources

is illustrated by showing the results of a generic
model involving several laterally adjacent 2D
and 3D bodies that are located at different depths.
Figure 5 shows a 3D view of the synthetic model
and Table 2 lists the physical and geometrical
properties of the bodies used in this model.
We have also added random Gaussian noise,
Nð0; σ2Þ with a standard deviation equal to
20% of the standard deviation of each MGT
component to the corresponding component.
Figure 6a and 6b shows the magnetic field and
the calculated NSS of the synthetic model, re-
spectively. After upward continuation of 20 m,
a 30 × 30 m window is used as starting window
size and then the size of the window is increased
until it exceeds a predefined limit of
100 × 100 m. The estimated source locations
and structural indices superimposed on the calcu-
lated normalized source strength at 20 m above
the observation level are plotted in Figure 6c and
6d, respectively. It should be noted that the esti-
mated structural indices are rarely pure integers,
because the geometry of real bodies is generally
complex in reality. The displayed results show a
good estimation of causative body locations after
upward continuation of the MGT data.
We also studied deviation of the estimated

model parameters from true values caused by in-
terference effects by generating a model which
involves two parallel vertical thin sheets sepa-
rated by distance s. The thin sheets are located
at 100 m depth with susceptibility contrasts
of 0.01 SI. The inducing field is vertical with

intensity of 60,000 nT and the sampling interval is 10 m perpendi-
cular to the strike of thin sheets. The effect of neighboring sources is
studied as a function of separation-to-depth ratio (s∕z). Figure 7a
shows the calculated NSS for s∕z ¼ 2. In Figure 7b, the deviation of

a) b)

c) d)

D

Figure 6. (a) Total magnetic field corresponding to the model shown in Figure 5 in the
presence of Gaussian noise. (b) The calculated NSS. (c) The estimated depths and
(d) structural indices superimposed on the normalized source strength after applying
an upward continuation of 20 m.

Figure 5. A 3D view of a synthetic model with interfering sources.
Numbers refer to the causative bodies listed in Table 2.
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the estimated depth, horizontal location, and structural index nor-
malized by their true values 100 × ðmest −mtrue∕mtrueÞ are plotted
versus different s∕z ratios where mest and mtrue denote estimated
and true parameters, respectively. As expected, the model horizontal
locations, depths, and structural indices are well-estimated when the
separation-to-depth ratio is high. By decreasing this ratio, devia-
tions of the estimated parameters from the true location are in-
creased up to 60% for the case s∕z ¼ 1. When s∕z < 1, the field
corresponding to the thin sheets can be approximated by a thick
dike model such that the normalized source strength gives only
one maximum located between the vertical thin sheets. Considering
the solutions with deviations greater than 20% as unreliable esti-
mates, we can conclude that, in this particular example, the method
fails when s∕z < 2.
For the special case shown in Figure 7a, μ vanishes at a point

midway between the sheets, due to fortuitous cancellation of the
gradient tensor elements from the two sheets, and its derivative
is discontinuous at this point. Note that this aberration does not
occur for any other separation distance, nor does it occur if there
is any unremoved background gradient present, or in the presence
of noise. In practice, discontinuous derivatives are expected to be

uncommon, and are easily recognized and excluded from further
consideration.
In the examples shown here, we have studied cases of interfer-

ence between horizontally separated sources. It should be noted
that, like other standard approaches such as Euler deconvolution
and local wavenumber, when vertical interference occurs (mag-
netic sources located above and below each other), our approach
fails.

WORKFLOW

The algorithm is schematically demonstrated in Figure 8. The
input of the algorithm is the MGT data and the normalized source
strength given by equation 5 is calculated from the eigenvalues of
magnetic gradient tensor. Maxima of the NSS are defined for locat-
ing the convolution windows. The preliminary window size (W0)
and the maximum window size (Wm) are set by the user. The data
points enclosed by the square window around the defined maxima
of the NSS are used in the Euler deconvolution of the NSS to es-
timate the source location as well as the structural index. The win-
dow size is increased around the same center until the maximum
window sized is reached. For each iteration, the uncertainties of

Figure 7. (a) The NSS corresponding to two thin sheets located at
100 m depth and separated by 200 m distance, with susceptibility
0.01 SI. The inducing field is vertical with intensity of 60,000 nT
and (b) deviations of the estimated horizontal location, depth, and
structural index from true values plotted versus different separation-
to-depth ratios. Figure 8. Flow diagram of the method outlined in this paper.
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solutions are calculated and normalized to the estimated depths. The
solution corresponding to the minimum uncertainty is taken as the
final solution.

REAL DATA EXAMPLE

Application of the method to real magnetic data is demonstrated
on an aeromagnetic data set from the TIC, Queensland, Australia.
The objective is to locate the geologic bodies using Euler deconvo-
lution of the normalized source strength. The acquired results
are presented after a brief description of the geology and data
preparation.

Geologic setting

The Ravenswood Batholith, a series of Early Ordovician to Mid-
dle Devonian granitic to gabbroic intrusive rocks, is a major element
of the Lolworth-Ravenswood Province of northeast Queensland
(Hutton et al., 1994). The Province has been relatively tectonically
stable since the Ordovician, with the exception of localized shearing
along mylonite zones. The Siluro-Devonian granitoids are unde-
formed and thought to be flat-lying (Clark and Lackie, 2003),
“sheet-like” intrusions with an approximate thickness of 5–6 km
(Stockhill and Hutton, 1991). The batholith was emplaced at shal-
low crustal levels and is presently exposed near the roof zone
(Woods and Rienks, 1992).

Figure 9. Simplified geology map of the TIC modified after Clarke et al. (1971).
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The TIC is a northeast-oriented, T-shaped magmatic complex,
with a small satellite body to the southeast that was dated at 287.4�
3.6 Ma by Blevin and Morrison (1997). Figure 9 shows a simpli-
fied geology map of the TIC modified after Clarke (1971). Detailed
mapping and petrology by Beams (1994) showed that the TIC
formed via fractionation of a very hot, oxidized magma that pro-
duced a range of melt compositions, from diorite and gabbro, to
quartz monzodiorite, adamellite, and granodiorite. Geochemical

analyses by Blevin and Morrison (1997) showed that the intrusive
phases of the TIC are comagmatic with each other, and with ande-
sitic volcanics to the southwest and proximal mafic and felsic dikes.
The intrusions caused contact metamorphism of surrounding gran-
itoids to anhydrous pyroxene hornfels, which produced metaso-
matic fluids that formed a secondary amphibole-biotite hornfels
aureole, outboard of the pyroxene hornfels, around the TIC. Sec-
ondary magnetite was produced in the hornfelses (Clark and Lackie,

2003). However, the prominent magnetic low
that skirts the TIC coincides with reversed ther-
moremanent magnetization in the tonalitic coun-
try rocks, which was acquired by thermal
remagnetization of the baked country rocks
during emplacement of the TIC in the Early Per-
mian, when the geomagnetic field was reversed
(Lackie et al., 1992). Clark and Lackie (2003)
suggest that the magnetic low is due to thermal
resetting of primary pseudosingle domain mag-
netite in the largely unaltered country rocks out-
board of the hornfels zone, not thermochemical
remanence associated with secondary magnetite
in the hornfels.

Aeromagnetic data

An aeromagnetic survey of the study area was
conducted in 1998. The nominal height of the
aircraft was 60 m above the ground, with a sam-
pling interval of about 15 m along flight lines.
The flight lines were flown along N45°E with
a spacing of 400 m. Figure 10a shows the gridded
total magnetic field anomaly with a cell size of
100 m. The MGT components are calculated as
described by Schmidt and Clark (1998), with in-
clination and declination of the inducing field of
−49.7° and 7.8°, respectively.
As Schmidt and Clark (1998) described,

igneous phases of the TIC are characterized by
a relatively shallow inclination remanent magne-
tization that is a combination of a steep down pri-
mary remanence and recently acquired viscous
magnetization directed north with moderate up-
ward inclination. Based on sample measure-
ments, they reported an average susceptibility
of 0.054 SI and a remanent magnetization of, di-
rected shallowly to the north (Inc ¼ −3°,
Dec ¼ 357°), with Koenigsberger ratio Q ≪ 1.
They also studied two areas, the North Margin
and the Outlier (shown in Figure 10a as areas
A and B, respectively), in more detail. Schmidt
and Clark (1998) estimate the direction and mag-
nitude of the total anomalous magnetic moment
using integrals of first-order moments of the
magnetic components. They estimate the inclina-
tion and declination of the total moment of
the North Margin to be þ39° and 35.8°, respec-
tively, whereas for the Outlier they calculate an
inclination and declination of þ4.5° and 13.7°,
respectively.Figure 10. (a) Total magnetic field and (b) the calculated NSS of the TIC.
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Figure 10b illustrates the normalized source strength derived
from the calculated MGT components. The NSS map provides use-
ful information to improve interpretation of magnetic field data
when geologic bodies contain remanent magnetization. Figure 10b
shows that the NSS over area A enhances the edges of the magnetic
source which contains positive and negative magnetic anomalies,
representing strongly magnetic gabbro and hornfels and reversely
magnetized thermal resetting zones, respectively. For area B, which
involves a positive TMI anomaly in the center
surrounded by a negative anomaly, the normal-
ized source strength yields a positive 3D-like
anomaly approximately located above the center.
The estimates of depths to source and structur-

al indices of causative bodes are displayed in Fig-
ure 11a and 11b, respectively. A starting window
of 300 × 300 m is formed around the maxima of
the NSS, and then the window length is increased
until it exceeds a window size of 700 × 700 m

which is defined based on the wavelengths of the
major anomalies. In our algorithm, we have used
the following rejection criteria to discriminate
more reliable solutions from spurious ones:

• solutions with depth estimates greater
than 1000 m,

• solutions with estimated structural indices
smaller than 0.5 or greater than 4.5,

• solutions for which the uncertainty of the
depth estimates normalized by corre-
sponding depth is greater than 50%, and

• solutions located outside the correspond-
ing convolution window.

The rejection criteria used in the algorithm are
data-dependent and are defined based on the
available geologic information.
For anomaly A, the estimated depths of solu-

tions are about 100m. Thewestern edge of anom-
aly A is well delineated by a set of solutions. The
estimated structural indices for the western edge
are about 1.5, which is close to the theoretical
structural index of the contact model, whereas
for the eastern edge they are around 2. For area
B, solutions show higher uncertainty than from
other areas, which can be either due to complexity
or to undersampling of this particular anomaly.
We note that only three lines cross over this
anomaly. The final solutions for this anomaly
have depths less than 100 m with structural in-
dices of about 2.5. The solutions for anomaly
C are clustered above the 3D-like features with
estimated depths and structural indices relatively
greater than those from other anomalies in the
study area. Histograms of the uncertainties for
source location normalized by corresponding es-
timated depth, so-called relative error, and struc-
tural index estimates are plotted in Figure 12a and
12b, respectively. The total uncertainty of the es-
timated source location and structural index are
found from the covariance matrix (Beiki, 2010).

DISCUSSION

In 1984, Nabighian generalized the 2D analytic signal (Nabigh-
ian, 1972, 1974) to 3D and showed that the Hilbert transform of any
potential field satisfies the Cauchy-Riemann relations. Roest et al.
(1992) defined the analytic signal Aðx; yÞ of a potential ϕðx; yÞmea-
sured on a horizontal plane as

Figure 11. The estimated (a) depth and (b) structural indices superimposed on the NSS
map.
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Aðx; yÞ ¼ ∂ϕðx; yÞ
∂x

x̂þ ∂ϕðx; yÞ
∂y

ŷþ i
∂ϕðx; yÞ

∂z
ẑ; (16)

where its amplitude is given by

jAðx; yÞj ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi�
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(17)

If the anomalous field is small compared to the inducing field,
measured total field intensity can be considered to be a harmonic
function (Blakely, 1995). Then the analytic signal amplitude can be
derived from the derivatives of TMI in three Cartesian directions.
Salem and Ravat (2003) combined analytic signal amplitude de-
rived from TMI and Euler deconvolution and showed that maxima
of the analytic signal amplitude, depth to source and structural index
can be estimated from vertical derivatives of the analytic signal am-
plitude. The analytic signal can also be obtained from magnetic
field components Bx, By, and Bz. Beiki (2010) shows that, for
the gravity case, directional analytic signal amplitudes can be ob-
tained by differentiating gravity vector components along x-, y-, and

z-directions. He also showed that the directional analytic signal am-
plitudes are homogenous functions but not harmonic. They satisfy
Euler’s homogeneity equation and can be used to estimate the
source location and structural index. The same mathematical prop-
erties are valid for MGT, for which directional analytic signals in
three orthogonal directions can be calculated.
In two dimensions, the analytic signal amplitude is independent

of magnetization direction. Li (2006) provides an overview on ap-
plications and limitations of the 3D analytic signal amplitude. Li
shows that, in 3D, the analytic signal amplitude depends upon mag-
netization direction. Therefore, there are concerns with using the 3D
analytic signal amplitudes for quantitative interpretation in the pre-
sence of remanent magnetization, whether these are derived from
TMI, magnetic field components, or MGT.
In this paper, we have introduced a new function, the normalized

source strength, which is completely independent of magnetization
direction for an important class of 2D and 3D models and is very
weakly dependent on magnetization direction in general. We have
compared the NSS with the analytic signal amplitude for two simple
generic models involving a sphere (radius of 50 m) located at 100 m
depth with susceptibility of 0.01 SI when intensity of the vertical
inducing field is 60,000 nT (Figure 13) and differing magnetization
direction. The resultant magnetization direction for the first case is

Figure 12. Histograms of the uncertainty of (a) the estimated depths
normalized by the corresponding depth and (b) structural indices.

Figure 13. Total magnetic fields corresponding to a sphere (radius
of 50 m) located at 100 m depth and intensity of inducing field of
60,000 nTwith resultant vector of (a) inclination and declination of
0° and 90°, and (b) inclination and declination of 22.5° and 45°,
(c) and (d) NSS and (e) and (f) analytic signal amplitudes corre-
sponding to cases (a) and (b), respectively.
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(Inc ¼ 0, Dec ¼ 90°), and for the second case is (Inc ¼ þ22.5°,
Dec ¼ 45°). For brevity, we only show the analytic signal ampli-
tude of the vertical field component, Azðx; y; zÞ ¼ ½ðBxzÞ2þ
ðByzÞ2 þ ðBzzÞ2�1∕2, calculated from the third row of the MGT.
As can be seen, the 3D analytic signal amplitudes calculated for
these models are affected by the magnetization direction, whereas
the NSS gives a symmetric anomaly with its maximum located ex-
actly above the source location. Figure 14 shows Azðx; y; zÞ for the
TIC. As can be seen in Figure 14, the analytic signal amplitude
calculated from measured TMI for most of the TIC anomalies such
as anomalies A and B is different from the calculated NSS. This
may be due to remanent magnetization of the geologic bodies.
As we showed in Figure 13, symmetry of the analytic signal am-
plitude is influenced by the presence of remanent magnetization.
For the dipole sources of Figure 13, the long axis of the analytic
signal amplitude is parallel to the horizontal projection of the mag-
netization vector. The analytic signal amplitudes of 3D-like anoma-
lies within area C are mostly elongated north–south whereas the
same NSS anomalies are more circular (Figure 10b). This is in
agreement with our geologic information, which suggests that these
anomalies are magnetized shallowly to the north. Interpretation of
anomalies A and B is rather difficult because these anomalies are
complex and the magnetic field is undersampled. Undersampling is
a common problem in airborne surveys because the flight line spa-
cings are usually several times greater than altitude of aircraft over
magnetic sources. Magnetic gradiometry surveys should signifi-
cantly improve interpretation of such undersampled complex geo-
logic bodies.

CONCLUSIONS

We have shown that the normalized source strength can be calcu-
lated from eigenvalues of the MGT. For several important models
(i.e., compact 3D dipole-like sources, pole type sources such as nar-
row pipes with almost axial magnetization, horizontal cylinders, thin

dipping sheets, 2D contacts) this function is inde-
pendent of magnetization direction, but propor-
tional to the magnitude of the source strength,
and its maximum occurs exactly above the cau-
sative magnetic source. For compact sources that
can be well represented by a dipole, the angle be-
tween magnetization and displacement vectors
can be defined from the eigenvalues. It is also
shown that the NSS is a nonharmonic homoge-
neous function. Therefore, Euler deconvolution
of the NSS can be used to estimate the source lo-
cation and structural index, simultaneously. The
advantage of this method is that by differentiating
the field, the constant background level is elimi-
nated and the effect of interfering sources is re-
duced. However, differentiation of the field
risks the amplification of high-frequency noise.
In our algorithm, we use data points located with-
in a square window centered at maxima of the
NSS in a least squares solver to estimate the
source location and structural index. The window
size is increased around the same center until the
predefined threshold is reached. For each itera-
tion, the uncertainties of solutions are calculated.
Finally, the solution corresponding to the mini-

mum uncertainty is chosen as the most reliable solution.
For the real data case shown in this paper, we derived magnetic

gradient tensor components from the measured TMI using Fourier
domain processing. Our investigation shows that, in this particular
case, the calculated NSS is not considerably affected by high-fre-
quency noise because the noise level of the measured TMI was suf-
ficiently low. However, to include the data points with the highest S/
N in our algorithm, we used those points enclosed by square win-
dow located around the maxima of the NSS after applying upward
continuation.
We have also shown that, in principle, we are able to estimate the

magnetization direction from the vector passing through the obser-
vation point at which ϕ ¼ 0, directed toward the estimated source
location using Euler deconvolution. We found this method imprac-
tical for real data that contains a broad range of frequencies where
finding the minimum angle between the magnetization and displa-
cement vector corresponding to a particular source is very difficult.
However, we believe that this angle contains some useful informa-
tion about magnetization direction and it deserves further discussion
in the future.
We have compared the NSS with analytic signal amplitude and

have shown that the advantage of the NSS over the analytic signal
amplitude is that the normalized magnetic source strength can pro-
vide more reliable information about the source geometry when
geologic bodies carry remanent magnetization. Application of
our method was demonstrated on an aeromagnetic data set from
the TIC in Australia, where the intrusive bodies and alteration zones
carry remanent magnetization. Our results highlight the limitations
in calculating crossline and vertical gradients — a problem which
could be overcome by collecting magnetic tensor gradiometry data.
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APPENDIX A

NORMALIZED MAGNETIC DIPOLE MOMENT

The magnetic field vector at observation point r produced by a
point dipole of magnetic moment m is (Blakely, 1995)

BðrÞ ¼ Cm
m
r3

½3ðm̂ · r̂Þr̂ − m̂�; (A-1)

where, for convenience, we have placed the origin at the dipole lo-
cation. The gradient tensor elements for a dipole are obtained by
differentiating the Cartesian components of B with respect to x,
y, and z. The dipole field falls off as 1∕r3, so the gradient tensor
falls off as 1∕r4.
Wilson’s “Analysis of the magnetic gradient tensor, DREP Tech-

nical Memorandum 85-13, Defence Research Establishment Paci-
fic, Canada” (H. Wilson, personal communication, 1985), gave the
following expression for the tensor elements

Bij ¼ riμj þ rjμi þ ðμ · r̂Þδij − 5ðμ · r̂Þrirj;
ði; j ¼ x; y; zÞ;

(A-2)

where r̂ ¼ r∕jrj is the unit displacement vector, directed from
source to observation point,

δij ¼
�
1; i ¼ j
0; i ≠ j

is the Kronecker delta, and

μ ¼ 3Cmm
r4

¼ μ
m
m

¼ μm̂; (A-3)

is the normalized magnetic moment vector. Its magnitude μ is called
the normalized magnetic moment.
If we choose the Cartesian coordinate system shown in Figure 1,

with (x̂1 ¼ r̂, x̂2 ¼ m̂ × r̂, and x̂3 ¼ x̂1 × x̂2), so that the observa-
tion point has coordinates x1 ¼ r, x2 ¼ x3 ¼ 0, m1 ¼
m cosϕ, m2 ¼ 0, and m3 ¼ m sinϕ, the gradient tensor takes a
simple form

Γ ¼

2
64B11 0 B13

0 B22 0

B13 0 B33

3
75 ¼ μ

2
64−2 cos ϕ 0 sin ϕ

0 cos ϕ 0

sin ϕ 0 cos ϕ

3
75;

(A-4)

which has characteristic equation

detðΓ − λIÞ ¼ −ðμ cos ϕ − λÞ½ð2μ cos ϕþ λÞðμ cos ϕ − λÞ
þ μ2 sin2ϕ� ¼ 0. (A-5)

It is immediately apparent from A-4 that x̂2 ¼ m̂ × r̂ ¼ ½0; 1; 0�T
is an eigenvector of Γ, with eigenvalue λ2 ¼ μ cosϕ. The remaining
eigenvalues are found by solving the quadratic equation

λ2 þ ðμ cos ϕÞλ − μ2ð2 cos2ϕþ sin2ϕÞ ¼ 0. (A-6)

Therefore, in terms of the scaled moment μ and the angle ϕ, the
three eigenvalues in nonincreasing order are

λ1 ¼
μ

2
ð− cos ϕþ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
4þ 5 cos2ϕ

q
Þ ≥ 0

λ2 ¼ μ cos ϕ

λ3 ¼
μ

2
ð− cos ϕ −

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
4þ 5 cos2ϕ

q
Þ ≤ 0

9>>=
>>;; (A-7)

where λ1≥λ2≥λ3. Because the eigenvalues sum to zero, λ1 ≥ 0, λ3 ≥
0 and λ2 is always the eigenvalue with the smallest absolute value.
This is the form given by H. Wilson (personal communica-
tion, 1985).
Note that the eigenvalues are functions of ϕ, so they depend on

the direction of the magnetic moment. Rotational invariants can al-
ways be expressed in terms of eigenvalues, by referring the tensor to
its principal axes, so they can also be expressed in terms of μ and ϕ,
by using equation A-7. Thus, in most cases, rotational invariants are
sensitive to the orientation of the moment, via their dependence on
ϕ. For example, the canonical invariants I1, I2 and the dimension-
less ratio I ¼ −27I22∕4I13, which were introduced by Pedersen and
Rasmussen (1990), are given by

I1 ¼ −μ2ð2 cos2ϕþ 1Þ (A-8)

I2 ¼ −μ3 cosϕðcos2ϕþ 1Þ (A-9)

I ¼ 27

4

cos2ϕðcos2ϕþ 1Þ2
ð2 cos2ϕþ 1Þ3 : (A-10)

However, it can be seen from equation A-7 that the particular
combination of eigenvalues,

μ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
−λ22 − λ1λ3

q
; (A-11)

first introduced by H. Wilson (personal communication, 1985),
equated to the normalized magnetic moment, is independent of
ϕ and does not depend on the orientation of the dipole. Given
the labeling of the eigenvalues in nonincreasing order and the trace-
lessness property, it should also be noted that the term (−λ22 − λ1λ3)
is always a nonnegative quantity (irrespective of the sources), en-
suring that μ is real. Because λ1 is positive and λ3 is negative, their
product is always negative Their absolute values are greater than or
equal to the absolute value of λ2, so −λ1λ3 is greater than λ2

2. H.
Holstein (personal communication, 2012) has provided the follow-
ing neat algebraic demonstration that −λ22 − λ1λ3 ≥ 0. Given

λ1≥λ2≥λ3 (A-12)

and

λ1 þ λ2 þ λ3 ¼ 0; (A-13)

let Λ and К be constants such that Λ ≥ 0 and 1≥К ≥ −1. Then a
parameterization of λi satisfying equations A-12 and A-13 above is

λ1 ¼ ð3 − КÞΛ (A-14)
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λ2 ¼ 2КΛ (A-15)

λ3 ¼ −ð3þ КÞΛ: (A-16)

Under this parameterization, ð−λ22 − λ1λ3Þ ¼ ð9 − 5К2ÞΛ2,
which is always nonnegative.
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